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Abstract
In this paper, we show that a number of known fixed point theorems for the Fan–Browder type
maps or acyclic maps defined on (subsets of) hyperconvex metric spaces are simple consequences of
the previously known theorems for corresponding maps defined on generalized convex spaces.
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1. Introduction
The notion of hyperconvex metric spaces (or simply, hyperconvex spaces) was intro-
duced by Aronszajn and Panitchpakdi [1] in 1956. Later, in 1979, independently Sine [2]
and Soardi [3] proved that a bounded hyperconvex space has the fixed point property for
nonexpansive maps. Since then many interesting works have appeared for hyperconvex
spaces. For the literature, see the end of this paper.
Until recently, the study of hyperconvex spaces concentrated on their relationship
with nonexpansive maps. However, Khamsi [4] established the Knaster–Kuratowski–
Mazurkiewicz theorem (in short, KKM theorem) for hyperconvex spaces and applied it
to obtain a Schauder type fixed point theorem. This line of study was followed by Kirk [5],
Kirk and Shin [6], and Park [7–9]. In particular, the second author obtained extensions or
✩ This work was supported by Soongsil University Research Fund.
* Corresponding author.
E-mail addresses: jkim@math.ssu.ac.kr (J.-H. Kim), shpark@math.snu.ac.kr (S. Park).0022-247X/$ – see front matter  2003 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2003.10.022
J.-H. Kim, S. Park / J. Math. Anal. Appl. 291 (2004) 154–164 155equivalent forms of the KKM theorem, a Fan–Browder type fixed point theorem, and other
results for hyperconvex spaces in [7,8]. Moreover, Yuan [10], Isac and Yuan [11], Kirk
et al. [12], Tarafdar and Yuan [13] established the KKM theorem, its equivalent formula-
tions, fixed point theorems, and their applications for hyperconvex spaces.
However, most of the above-mentioned works are simple consequences of much more
general results. In fact, Horvath [14–18] initiated study of the KKM theory and fixed point
theory for C-spaces, which are meaningful generalizations of convex spaces or convex sub-
sets of topological vector spaces. Moreover, in [18], he found that hyperconvex spaces are
a particular type of C-spaces and gave a useful selection theorem on l.s.c. multimaps re-
lated to C-spaces. Recently, this selection theorem was extended by Ben-El-Mechaiekh and
Oudadess [19] following some ideas from the celebrated theory on continuous selections
due to Michael. On the other hand, the second author [20–30] initiated study of general-
ized convex spaces or G-convex spaces, which properly include the class of C-spaces and
a large number of spaces having particular type of abstract convexity.
In this paper, we show that many of the fixed point theorems for the Fan–Browder type
maps or acyclic maps defined on (subsets of) hyperconvex metric spaces are simple conse-
quences of the previously known theorems for corresponding maps defined on generalized
convex spaces. Consequently, we obtain generalized and improved versions of results in
[6,10–13,31].
2. Preliminaries
A multimap (or simply, a map) F :X Y is a function from a set X into the power set
2Y of Y ; that is, a function with the values F(x) ⊂ Y for x ∈ X and the fibers F−(y) :=
{x ∈ X | y ∈ F(x)} for y ∈ Y . For A ⊂ X, let F(A) := ⋃{F(x) | x ∈ A}. Throughout
this paper, we assume that multimaps have nonempty values otherwise explicitly stated or
obvious from the context.
For topological spaces X and Y , a multimap F :X Y is said to be upper semicontin-
uous (u.s.c.) (respectively, lower semicontinuous (l.s.c.)) if for each closed (respectively,
open) set B ⊂ Y , F−(B) = {x ∈ X | F(x)∩B = ∅} is closed (respectively, open) in X.
A metric space (H,d) is said to be hyperconvex if⋂
α
B(xα, rα) = ∅
for any collection {B(xα, rα)} of closed balls in H for which d(xα, xβ) rα + rβ .
It is known that the space C(E) of all continuous real functions on a Stonian space E
(that is, an extremely disconnected compact Hausdorff space) with the usual norm is hyper-
convex, and that every hyperconvex real Banach space is a space C(E) for some Stonian
space E. Therefore, (Rn,‖ · ‖∞), l∞, and L∞ are concrete examples of hyperconvex
spaces.
Results of Aronszajn and Panitchpakti [1, Theorem 1′] and Isbell [32, Theorem 1.1] are
combined in the following
Theorem 2.1. A hyperconvex space is complete and ( freely) contractible.
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tensively studied by Horvath in a sequence of papers [14–18]:
A C-space (X,Γ ) is a topological space X with a multimap Γ : 〈X〉X from the set
〈X〉 of all nonempty finite subsets of X into the power set of X such that
(1) for each A ∈ 〈X〉, Γ (A)= ΓA is n-connected for all n 0; and
(2) for all A,B ∈ 〈X〉, A ⊂ B implies ΓA ⊂ ΓB .
A nonempty subset Y ⊂ X is said to be Γ -convex if A ∈ 〈Y 〉 implies ΓA ⊂ Y .
A C-space (X,Γ ) is called an LC-space (or a locally H -convex space [33]) if X is a
Hausdorff uniform space and there exists a basis {Vλ}λ∈I for the uniform structure such
that for each λ ∈ I , {x ∈ X | E ∩ Vλ[x] = ∅} is Γ -convex whenever E ⊂ X is Γ -convex,
where
Vλ[x] =
{
x ′ ∈ X | (x, x ′) ∈ Vλ
}
.
For example, any nonempty convex subset X of a locally convex Hausdorff topological
vector space is an LC-space with ΓA = coA, the convex hull of A ∈ 〈X〉.
A triple (X,d;Γ ) is called an LC-metric space whenever (X,d) is a metric space and
(X,Γ ) is a C-space such that open balls are Γ -convex, and any neighborhood {x ∈ X |
d(x,Y ) < r} of a Γ -convex set Y ⊂ X is also Γ -convex.
Horvath [7, Theorem 9] obtained the following
Theorem 2.2. Any hyperconvex space H is a complete LC-metric space with
Γ (A) = ΓA :=
⋂
{B | B is a closed ball containing A}
for each A ∈ 〈H 〉.
Note that ΓA itself is hyperconvex. From now on, a hyperconvex space (H,d;Γ ) is
simply denoted by H , and BI(H) denotes the set of nonempty closed ball intersections
in H . Elements of BI(H) are sometimes called admissible subsets of H ; see [4].
3. Better admissible maps on G-convex spaces
A generalized convex space or a G-convex space (X,D;Γ ) consists of a topological
space X, a nonempty set D, and a multimap Γ : 〈D〉X such that for each A ∈ 〈D〉 with
the cardinality |A| = n + 1, there exists a continuous function φA :∆n → Γ (A) such that
J ∈ 〈A〉 implies φA(∆J ) ⊂ Γ (J ).
Here, 〈D〉 denotes the set of all nonempty finite subsets of D, ∆n an n-simplex
with vertices {vi}ni=0, and ∆J the face of ∆n corresponding to J ∈ 〈A〉; that is, if
A = {a0, a1, . . . , an} and J = {ai0, ai1, . . . , aik } ⊂ A, then ∆J = co{vi0 , vi1 , . . . , vik }. We
may write ΓA = Γ (A) for each A ∈ 〈D〉 and, in case to emphasize X ⊃ D, (X,D;Γ ) will
be denoted by (X ⊃ D;Γ ); and if X = D, then (X ⊃ X;Γ ) by (X;Γ ).
J.-H. Kim, S. Park / J. Math. Anal. Appl. 291 (2004) 154–164 157It should be noted that φA depends on A ∈ 〈D〉. Hence, for example, for any A,J in 〈D〉,
if A ⊃ J as above, φA|∆J :∆J → Γ (J ) might be different from φJ :∆k Γ (J ). In case
when the family {φA}A∈〈D〉 can be so chosen that for any A ⊃ J as above, we have
φA
(
k∑
j=0
λj vij
)
= φJ
(
k∑
j=0
λjvj
)
for any λj  0,
k∑
j=0
λj = 1;
then we can put Γ (A) = φA(∆n) for all A ∈ 〈D〉.
For a G-convex space (X ⊃ D;Γ ), a subset Y ⊂ X is said to be Γ -convex if for each
N ∈ 〈D〉, N ⊂ Y implies ΓN ⊂ Y ; and for a nonempty set Z ⊂ X, its Γ -convex hull is
defined by
Γ - co(Z) =
⋂
{A ⊂ X | A is a Γ -convex subset of X containing Z}.
For a G-convex space (X;Γ ) and Z ⊂ X, it is easily seen that
Γ - co(Z) :=
⋃{
Γ - co(A) | A ∈ 〈Z〉}.
Examples of G-convex spaces can be found in [20–23,27] and references therein.
Theorem 3.1. Let (X,D;Γ ) be a G-convex space, and S : DX, T :XX two maps
satisfying
(1) for each z ∈ D, S(z) is open (respectively, closed);
(2) for each y ∈ X, M ∈ 〈S−(y)〉 implies ΓM ⊂ T −(y); and
(3) X = S(N) for some N ∈ 〈D〉.
Then T has a fixed point x0 ∈ X; that is, x0 ∈ T (x0).
Theorem 3.1 is obtained in [25] and applied to various forms of the Fan–Browder the-
orem, the Ky Fan intersection theorem, and the Nash equilibrium theorem for G-convex
spaces.
From Theorem 3.1, we deduced the following [26]
Theorem 3.2. Let (X ⊃ D;Γ ) be a G-convex space and A :X X be a multimap such
that A(x) is Γ -convex for each x ∈ X. If there exist z1, z2, . . . , zn ∈ D and nonempty open
(respectively, closed) subsets Gi ⊂ A−(zi) for i = 1,2, . . . , n such that X =⋃ni=1 Gi , then
A has a fixed point.
Let (X,D;Γ ) be a G-convex space and Y a topological space. We define the better
admissible classB of multimaps from X into Y as follows [22,24]:
F ∈B(X,Y ) ⇔ F :X Y is a multimap such that for any N ∈ 〈D〉 with |N | = n + 1
and any continuous map p :F(ΓN) → ∆n, the composition
∆n
φN→ ΓN
F |ΓN F(ΓN)
p→ ∆n
has a fixed point.
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called a Φ-map if there exists a map S :ED such that
(i) for each y ∈ E, M ∈ 〈S(y)〉 implies ΓM ⊂ T (y); and
(ii) E =⋃{IntS−(x) | x ∈ D}.
The concept of Φ-maps is originated from Horvath [14] and motivated by the works of
Fan and Browder; see [22]. Hence the Φ-maps are usually called the Fan–Browder maps.
It is known that if E is a Hausdorff compact space, then T has a continuous selection
f :EX (that is, f (x) ∈ T (x) for all x ∈ E) [20]. Therefore, a Φ-map belongs to B if
its domain is Hausdorff.
For a particular type of G-convex spaces, we can establish fixed point theorems for the
classB as follows.
A G-convex space (X,D;Γ ) is called a Φ-space if X is a Hausdorff uniform space and
for each entourage V there is a Φ-map T :XX such that Gr(T ) ⊂ V . This concept is
originated from Horvath [14], where a number of examples were given.
The following is our main result of [22] whose proof is given here for the completeness.
Theorem 3.3. Let (X,D;Γ ) be a Φ-space and F ∈B(X,X). If F is closed and compact,
then F has a fixed point.
Proof. Let V = {Vλ}λ∈I be a basis of the Hausdorff uniform structure of X. Let K = F(X)
be the closure of the range of F . Since (X,D;Γ ) is a Φ-space, for each λ ∈ I , there is
a Φ-map Tλ :X X such that Gr(Tλ) ⊂ Vλ. Since K is compact, it is known that Tλ|K
has a continuous selection fλ :K → ΓN for some N ∈ 〈D〉 such that fλ = φN ◦ p, where
p : K → ∆n is a continuous map; see [20]. Since F ∈B(X,K), the composition
∆n
φN→ ΓN
F |ΓN F(ΓN) ⊂ K p→ ∆n
has a fixed point aλ ∈ ∆n; that is, aλ ∈ (p ◦ F ◦ φN)aλ. Hence,
xλ := φN(aλ) ∈ (φN ◦ p ◦ F)xλ = (fλ ◦ F)xλ
and there exists yλ ∈ F(xλ) ⊂ K such that xλ = fλ(yλ) ∈ Tλ(yλ); that is, (xλ, yλ) ∈ Vλ.
Therefore
(xλ, yλ) ∈ Vλ ∩ Gr(F ) ⊂ X ×K.
Since K is compact, we may assume that {yλ}λ∈I converges to some x0 ∈ K . Since
(xλ, yλ) ∈ Vλ for all λ ∈ I , {xλ}λ∈I also converges to x0 ∈ K . Since F is closed and
(xλ, yλ) ∈ Gr(F ), we should have (x0, x0) ∈ Gr(F ). Therefore, F has a fixed point
x0 ∈ K . 
Particular forms of Theorem 3.3 were known by Horvath [14] and Park and Kim [27].
In [21–24], it was shown that Theorem 3.3 subsumes a large number of fixed point theo-
rems related to approachable maps on G-convex spaces, acyclic maps on locally G-convex
spaces, and Kakutani maps on Φ-spaces and on hyperconvex spaces.
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The following is a version of Theorem 3.2 for hyperconvex spaces.
Theorem 4.1. Let H be a hyperconvex space and A :H H a multimap. If there exists
y1, y2, . . . , yn ∈ H and open (respectively, closed) subsets Gi ⊂ A−(yi) for i = 1,2, . . . , n
such that H = ⋃ni=1 Gi , then there exists a point x0 such that x0 ∈ Γ (A(x0)), where
Γ (A(x0)) is the closed ball intersection containing A(x0).
Note that if A has admissible values (that is, values are closed ball intersections) in
Theorem 4.1, then A has a fixed point.
For the case H itself is compact, particular forms of Theorem 4.1 appear in [7, The-
orem 3], [10, Theorems 3.3–3.6], [11, Theorems 3.2, 3.3, 4.6], [12, Theorem 3.1, Corol-
lary 3.6], and [13, Theorems 3.3–3.6, Corollary 4.8].
The following is a dual form of Theorem 4.1.
Theorem 4.2. Let H be a hyperconvex space and B :H  H a multimap. If there exist
x1, x2, . . . , xn ∈ H and open (respectively, closed) subsets Gi ⊂ B(xi) for i = 1,2, . . . , n
such that H =⋃ni=1 Gi , then there exists a point x0 such that x0 ∈ Γ (B−(x0)).
Proof. Put A := B− and A− := B in Theorem 4.1. 
Note that, if B− has admissible values, then B has a fixed point.
Particular forms of Theorem 4.2 are given in [10, Theorems 3.1, 3.2], [11, Theorem 3.1],
and [13, Theorems 3.1, 3.2].
The following is a Ky Fan type matching theorem.
Theorem 4.3. Under the hypothesis of Theorem 4.2, there exist a finite subset {y1, y2,
. . . , yr} ⊂ H and x0 ∈ Γ ({y1, y2, . . . , yr}) such that x0 ∈⋂rj=1 B(yj ).
Proof. By Theorem 4.2, there exists a point x0 ∈ Γ (B−(x0)). Since Γ (B−(x0)) is a
Γ -convex hull, there exists a finite subset {y1, y2, . . . , yr} ⊂ B−(x0) such that x0 ∈
Γ ({y1, y2, . . . , yr }). Hence we have yj ∈ B−(x0) or x0 ∈ B(yj ) for all j = 1,2, . . . , r . 
Particular forms appear in [10, Theorem 4.4, Corollary 4.5].
The following is already known [9, Theorem 5.5], [21, Theorem 8].
Theorem 4.4. Let H be a hyperconvex space and S,T :H H two maps such that
(1) for each x ∈ H , N ∈ 〈S(x)〉 implies BI(N) ⊂ T (x); and
(2) H =⋃{IntS−(y) | y ∈ H }.
If T is compact, then T has a fixed point.
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In this section, we show that the recent fixed point results in [31] and others are simple
consequences of Theorem 3.3.
Recall that for a hyperconvex space H = (H,d;Γ ), a subset A ∈ BI(H) is said to be
admissible [4]. A nonempty subset A ⊂ H is said to be sub-admissible [31] if for each
finite subset N of A, we have ΓN ⊂ A.
As a G-convex space H = (H ;Γ ), a sub-admissible subset A is simply Γ -convex, and
hence is a G-convex space. Moreover, we have
Lemma 5.1. Every sub-admissible subset X of a hyperconvex space H is a Φ-space.
Proof. Note that X is a metric subspace of H . For any λ > 0, we give a Φ-map
T :X X such that d(x, y)  λ for all x ∈ X and y ∈ T (x). Define T (x) := {y ∈ X |
d(x, y)  λ} for x ∈ X. Then for each M ∈ 〈T (x)〉, we have ΓM ⊂ T (x). In fact,
ΓM = ⋂{B | B is a closed ball containing M} ⊂ T (x) = B(x,λ). Moreover, for each
x ∈ X, there exists y ∈ X such that d(x, y) < λ (since we can choose y := x). Therefore
x ∈ {x ∈ X | d(x, y) < λ}⊂ IntX T −(y) ⊂ T −(y)
shows X =⋃{IntX T −(y) | y ∈ X}. This completes our proof. 
From Theorem 3.3 and Lemma 5.1, we have the following
Theorem 5.1. Let X be a sub-admissible subset of a hyperconvex space H . Then any closed
compact map F ∈B(X,X) has a fixed point.
For topological spaces X and Y , we adopt the following:
F ∈ V(X,Y ) ⇔ F :X Y is an acyclic map; that is, an upper semicontinuous mul-
timap with compact acyclic values.
It is well known that V is one of the typical examples of B; see [22]. Now we show
that Theorem 5.1 subsumes all of the results in [31]. First, we have the following [31,
Theorem 2.1]
Corollary 5.1. Let H be a hyperconvex space and X a sub-admissible subset of H . Suppose
that F is an upper semicontinuous map with closed acyclic values from X into a compact
subset of X. Then F has a fixed point.
From Theorem 2.1, we have the following
Lemma 5.2. Every admissible subset X of a hyperconvex space H is hyperconvex and
contractible.
The following lemma is given in [31, Proposition 1.4].
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sible.
From Corollary 5.1, we deduce the following [31, Theorem 2.2]
Corollary 5.2. Let H be a hyperconvex space and X a sub-admissible subset of H . Suppose
that F is an upper semicontinuous multimap with closed sub-admissible values from X into
a compact subset of X. Then F has a fixed point.
Proof. By Lemma 5.3, the values of F are admissible subsets of H , and hence by
Lemma 5.2, are contractible. Since every contractible subset is acyclic, the conclusion
follows from Corollary 5.1. 
In [31], its authors assumed the closedness of X in Corollary 5.2, which is redundant.
We need the following [9, Theorem 3.2]
Lemma 5.4. Let X be a metric space, A ⊂ X with dimX A  0, H a hyperconvex space,
and F :X H a lower semicontinuous map with closed values such that F(x) is sub-
admissible for x /∈ A. Then F admits a continuous selection.
In view of Lemma 5.4, the above fixed point results can be applied to coincidence result.
Corollary 5.3. Let X be a sub-admissible subset of a hyperconvex space H , Y a nonempty
subset of a hyperconvex space H ′, and Z ⊂ X be nonempty compact subset. Suppose that
F :X Y is a lower semicontinuous map with closed sub-admissible values and that
T :Y Z is an upper semicontinuous map with closed sub-admissible values. Then there
is a point x¯ ∈ T (y¯) and y¯ ∈ F(x¯).
Proof. Note that F :X Y ⊂ H has a continuous selection f :X → Y by Lemma 5.4
(with A = ∅). Then T ◦ f :X Z is a compact upper semicontinuous multimap with
closed sub-admissible values. Hence, by Corollary 5.2, we have a fixed point x¯ ∈ (T ◦
f )(x¯). Let y¯ = f (x¯). Then x¯ ∈ T (y¯) and y¯ ∈ T (x¯). 
In [31, Theorem 2.3], its authors assumed the closedness of X, which is redundant.
Note that [31, Theorem 2.4] is a similar application of Corollary 5.1 to another coinci-
dence theorem. Moreover, these two coincidence theorems are used to obtain two minimax
results, which might be already known in a more general setting in the frame of C-spaces
or G-convex spaces.
The following corollary is known [9, Corollary 4.5], [21, Theorem 7].
Corollary 5.4. Let H be a hyperconvex space and F :H H a compact map with closed
sub-admissible values. If Φ is u.s.c. or l.s.c., then F has a fixed point.
In order to add another related results, we need the following well-known fact.
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F(x)∩G(x) = ∅ for all x ∈ X. If
(1) F is upper semicontinuous at x0 ∈ X;
(2) F(x0) is compact; and
(3) G is closed;
then the multimap F ∩ G :x → F(x)∩ G(x) is upper semicontinuous at x0 ∈ X.
The following corollary generalizes [6, Corollary 3.5].
Corollary 5.5. Let H be a hyperconvex space and X a closed sub-admissible subset. Let
F :XH be a compact upper semicontinuous multimap with closed sub-admissible val-
ues such that F(x)∩ X = ∅ for all x ∈ X. Then F has a fixed point.
Proof. Note that X is closed in H . Let G :X H be the constant multimap defined by
G(x) := X for all x ∈ X. Then G has closed graph Gr(G) = X × X in X × H . Then by
Lemma 5.5, the map F ∩ G :XX is upper semicontinuous with nonempty closed sub-
admissible values F(x) ∩ X for x ∈ X. Moreover, the map is also compact. Therefore,
by Corollary 5.2, it has a fixed point x0 ∈ (F ∩ G)(x0) = F(x0) ∩ X; that is, x0 ∈ X and
x0 ∈ F(x0). This completes our proof. 
Since any admissible set is sub-admissible, we immediately have the following ex-
tremely particular case of Corollary 5.5.
Corollary 5.6. Let H be a hyperconvex space, X a compact admissible subset of H , and
F :XH an upper semicontinuous map with admissible values for which F(x)∩X = ∅
for all x ∈ X. Then F has a fixed point.
Note that Kirk and Shin [6, Corollary 3.5] obtained the above result for a continuous
map F and bounded H , and they asked whether their result remains true under the assump-
tion that F is upper semicontinuous rather than continuous. Consequently Corollary 5.5
answers this question affirmatively.
The following corollary is due to Yuan [31, Theorem 1.1].
Corollary 5.7. Let H be a hyperconvex space and X a compact admissible subset of H .
Suppose that F : XX is an upper semicontinuous map having admissible values. Then
F has a fixed point.
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